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planning

Simplified vehicle models dominate the literature on autonomous driving, with the 3 degrees of freedom
(3 DoF). The model is the most frequently used due to its high computational efficiency. However, such models
have significant limitations, particularly in their inability to account for detailed tire—road interactions.

This study proposes an extended model with ten degrees of freedom (10 DoF), developed using the Newton—
Euler formalism. Analytical derivation of the mass matrix and the vector of right-hand sides enables a signifi-
cant reduction in computation time by eliminating matrix operations. For comparison, another 10 DoF model
based on the homogeneous and joint coordinate transformation method is also considered. The aim is to assess
how the choice of modeling formalism affects both computational efficiency and the fidelity of real-world motion
representation.

All three models (3 DoF and both 10 DoF variants) were tested in simulations of an overtaking maneuver under
varying weather conditions. The analysis focused on differences in steering angle trajectories and tracking
errors. Additional evaluations included a lane-change maneuver and a 736-meter driving scenario.

Results show that extended models provide improved accuracy and better capture of dynamic vehicle behavior.
In particular, the Newton—Euler-based 10 DoF model offers significant computational advantages. The maxi-
mum observed difference in steering angle between models reached 2 degrees, attributed to the 3 DoF model’s
simplified treatment of tire forces and lack of friction coefficient consideration. The proposed models show
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strong potential for implementation in motion planning for autonomous vehicles.
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1. Introduction

Two major contemporary research areas related to vehi-
cles focus on pollutant emissions and the broadly defined
domain of autonomous driving [20, 26]. The present work
addresses the application of vehicle dynamic models in the
context of motion planning for autonomous vehicles. Au-
tonomous vehicle motion planning consists few stages,
among them we can distinguish: route planning, path plan-
ning, path following, trajectory realization (Fig. 1).

Route
Planning

Trajectory

Path following realization

Path Planning

Fig. 1. Scheme of planning the motion of an autonomous vehicle

Vehicle dynamics models are frequently used in the
path following task. The 3 degrees of freedom models dom-
inate in the literature; they may also be called bicycle mod-
els [9, 24, 25]. Figure 2 presents a classic model of a vehi-
cle with 3 degrees of freedom. The rotational motion of
wheels is not taken into consideration.

This model takes into account the flat motion only, i.e.,
displacement in the xy plane and yaw angle y around the z'
axis of the local system {C}', parallel to the z axis of the
roadway system {O}. The generalized coordinates vector
has the form:

Vg
q=|V
U

M

where: Vg, Vi — are components of the vehicle speed vector
in vehicle's body coordinate system {C}, { — is the vehi-
cle's body yaw angle marked in the Fig. 2 as the angle of
the vehicle's longitudinal axis x' to the axis x of the road-
way system {0}.

Fig. 2. Classic bicycle-type model [4]

In some cases, the bicycle model can be understood as
a model with 2 degrees of freedom rather than 3 degrees of
freedom [15, 23]. Model of a vehicle with 3 DoF can also
be formulated in the roadway system [5], then vector of
generalized coordinates is:

X
q-= [YCl
U

where X, and y. are coordinates of the vehicle's center of
mass in the roadway system.

()
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In the paper [21], a 3 degrees of freedom model was
compared with a 9 degrees of freedom model. The authors
have proved that the classic model with 3 degrees of free-
dom can be successfully used in a path following task,
assuming that lateral acceleration fulfils the condition
ay < 0.5 g. This assumption has practical significance be-
cause it confirms the possibility of using a simple vehicle
model while at the same time defining specific conditions
for its application.

From the analysis of the literature, it is seen that the
3 degrees of freedom model is the most commonly used in
the issues of motion planning and in autonomous vehicle
control. However, its application is limited to modeling
motion with small lateral accelerations [21]. Attempts are
being made to circumvent this limitation. Paper [1] presents
a model and a controlling algorithm ensuring the imple-
mentation of the trajectory of motion in the condition of
slip. In the study [7], a 3 degrees of freedom model was
implemented to model a vehicle's motion in a muddy ter-
rain, which required the development of a model of the
contact of the road wheel (tire model) with soft ground. In
the study [12], the use of a 3 degrees of freedom model in
the execution of the control with additional consideration of
a simplified model of the steering system and differential
mechanism was discussed. The authors of [2] present an
application of the bicycle model enhanced with the ability
to account for the tire-road friction coefficient. They im-
plement it for a route with varying curvature. In studies [3,
14], the bicycle model is used in a path-tracking task in
combination with a model predictive control (MPC) ap-
proach.

In contrast, in study [13], this model is applied to vehi-
cle control during parking maneuvers. Meanwhile, in [28],
the bicycle model is used to address the control problem of
a vehicle driving on a highway. In summary, the bicycle
model is applicable to vehicle control across a wide range
of driving speeds.

Models with a higher complexity can be met rather sel-
dom in the literature on autonomous vehicles. Paper [7]
presents a flat (2D) model with 5 degrees of freedom. Ex-
cept from three degrees of freedom present in the bicycle
model, rotation angles of the front and rear wheels were
also additionally taken into consideration (connecting suit-
ably two road wheels and presenting them as one), what has
enabled introduction of driving and braking torques into the
considerations and simulations, as well as adoption of tire
model. Model with 7 degrees of freedom, considering flat
motion (Vy, Vy, ) and rotation angles of road wheels
YO, y@, y®, y™) was presented in the papers [16, 17, 27].

In the present paper, a vehicle dynamic model with
3 DoF, defined in the roadway system, and hence with a
vector of generalized coordinates defined in [2], and two
models with 10 DoF differing in formalism used in the
course of their formulation are presented.

2. Vehicle model with 10 DoF

Vehicle model presented below (Fig. 3) take into ac-
count motion of vehicle's body as a rigid element (together
with attached masses of suspensions) with 6 degrees of

freedom, motion of which is described by components of
the vector:

) ¥
a0 =g 3)
where: r, = [Ycl — denotes position vector of the center of
[
P
mass, ¢ = — is the vector defining orientation, i.e., the
(0)

Euler angles ZYX: ys, 6, o.

Fig. 3. Scheme of a vehicle model with 10 degrees of freedom

Transformation of the coordinates from the vehicle’s
body system {C}’ to system connected with the road {0} is
performed according to the dependency:

r = r.+Rr' 4)

where: r. = [Xc V¢ 2c]T — determines location of the
local system origin {C}' in the roadway system {0}, r —
coordinate vector in the roadway system {0}, r’ — coordi-
nate vector in the local system {C}’,

cosyy —siny 0] [cos® O sin@][l O 0
= |sinyg cosy O 0 1 0 0 cosp -—singl|.
0 0 11 l—sin® 0 cos6 sing@ cos@

To perform transformation of the coordinate between
the {C}' and {0} systems, therefore two operations on the
vectors are needed (multiplying the vector by the matrix
and adding the vectors). When homogeneous coordinates
are used (extension of the vectors describing displacements
by the fourth coordinate equal to 1), the transformation is
performed by means of a single operation of multiplying
the matrix by the vector:

r = Br’ (5)
<
where: r = SZ’ — coordinates vector in the roadway sys-
1.
o
tem{},r = y, — coordinates vector in the local system
Z
L1
' _ _[R r¢ .
{C}Y, B = B(qp) = [0 1] — matrix of homogeneous

transformations.
Motion of the wheels relative to the vehicle's body is
described by: steering angle &; and rotation angles v;,
= 1,2,3,4 (Fig. 4a).
Coordinates from the wheel system {i}, to the system
{CY} are transformed according to the dependency:
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r/ = (r; + QO2) (6)

- - T G .
where: ry = [x/@ y'@ 2O, 2% — coordinate vector

c8®  —s8® 0
of a point in the system {i};, Q¥ = [55(1) cs® Ol,
0 0 1
a)
b)

bristles in the tire
brush model

end of
| contact patch

beginning of
contact patch |

adhesion slip

Fig. 4. Forces acting on the wheel a) coordinate systems, b) brush tire
model

when the homogeneous transformations are not used, and
according to the formula:

r{ = D;Wir'y,; (7
, cos$; —sing; O
where:  D; = [%‘ rls], Q; = |sin§; cos§; Ol,
0 0 1
A 0 cos@; 0 sing;
W, = [Oi 1], A=| 0 1 0 |, when homo-
—sing; 0 cos;

geneous transformations are used.
In the present study it was assumed that the angles §;
are known function of time:

8 = 8@ = 5(v), ®
83 =§® =, 9)

where: 6(t) — average steering angle of the front wheels.
The consequence of such assumption is that QW =
2®(8(t)) and the same D; = D;(t). Generalized coordi-

nates vector of the vehicle has therefore 10 components and
it can be represented in the following form:

_ Qb] (10)

q = qy
where: q,, was specified in (3), while vector of the steering
angles takes the form of:

Y1

ay = |7 (11)

Ya

In case of known normal forces F,&’; (Fig. 4a), forces of
the roadway's surface acting on the road wheels lying in the

roadway's plane and the stabilizing torque FI((‘)){ FI((?, MS)

have been determined with use of brush tire model of the
tire according to [18] with modifications according to [23]
(Fig. 4b). This is analytical model that allows for determi-
nation of reaction of road surface on vehicle wheels with

taking into account large drift angles. The forces Fl(g were
determined analysing deflection of tires in contact points of
the wheel with the road, modifying stiffness coefficients in
such way to take into account the flexibility of the suspen-
sions.

Equations of the motion are written in form:

M(@)d = f(q,4,8(1)

where: M — interia matrix, q — vector of generalized coor-
dinates.

Equations of the motion have been integrated using the
Runge-Kutta method of the 4th order with a constant inte-
gration step. Initial conditions were determined by solving
the appropriate equation of static equilibrium of the vehicle.

The main differences between the models formulated in
this study, concern not only the form of formulas trans-
forming the coordinates. The M10/1 model, which uses
homogeneous transformations (vectors with 4 coordinates —
formulas (5), (7) was formulated using the second-order
Lagrange equations. This model is described in detail in the
work [10]. The M10/2 model is based on vectors having
three components — formulas (4), (6) from the Newton-
Euler formulas. A detailed description of this model is
presented in the paper [4]. The most important differences
between these models are listed in Table 1.

(12)

Table 1. Characteristics of the M10/1 and M10/2 models

Feature M10/1 M10/2
Formalism in deriving equations Lagrange Newton-Euler
equations of equations
11 kind
Vector of generalized coordinates 9
1= qv]
Structure of the inertia matrix Mbb Mbg Mbb 0
[Mgb Mgg [ 0 Mgg]

Model of the tire Sharp-Pacejka

Taking into account the influence of yes no
wheel rotation on vehicle’s body

Analytic equations for elements of no yes
Mbb matrix

In general, it can be said that the M10/1 model describes
vehicle motion more precisely. Its disadvantage is the greater
demand for computing power of the processor performing
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calculations. This is due to the necessity to generate a large
number of transformation matrices and their derivatives, as
well as due to the form of the inertia matrix M.

Verifications and validations of the models are presented
in the studies: M10/1 (7), M10/2 and 3 DoF in the study [4].
Acceptable consistence with the CarSim software package
and with results of real experiments reported in the literature
was achieved [6, 11] — the error did not exceed 1%.

3. Results and discussion

As mentioned in the introduction chapter, planning of
motion of the autonomous vehicle requires defining the
route (maneuver to be performed). In general, the route is
defined in a discrete way, providing points near which the
center of mass of the vehicle should be located. Implemen-
tation of geometric algorithms for the determination of the
steering angle requires presentation of the route in a contin-
uous manner. Therefore, it is necessary to perform an ap-
proximation of the route (discrete one) to the path (continu-
ous one). In the present study, the Bs spline functions were
used [8]. This method has proved to be very effective. The
approximation error for the route longer than 700 m does
not exceed 20 cm. In addition, the applied method has al-
lowed obtaining the path with a smooth curvature. This has
a positive effect on the operation of the control algorithms.

The maneuver of lane change belongs to one of the most
frequently simulated maneuvers, included in the 1SO 3888-
1standard. The task of the vehicle is to overcome a specific
track. The scheme of this maneuver is shown in the Fig. 5.

e e o F.‘..‘ L......
- ] (TR
:1'1 5 1 4 i P IDSIIOGQ:

Fig. 5. Scheme of the track according to the ISO standard was elaborated
basing on (1SO 3888-1, 2018)

Within the framework of this study the both models
with 10 degrees of freedom, and a simple 3 degrees of free-
dom model, were tested in the task of executing the path,
which simulates the maneuver of changing lanes. In the
first test, a simulation was performed for the adhesion coef-
ficient having a value of 0.85, which corresponds to a dry
road surface. The run of the steering angle of the wheels
was presented in Fig. 6.

6 — v {11
44 M10/2
5 | — 3DoF
2o : :/>\ : : N
“2 \/ v \7
-4
6
0 1 2 3 4 5 6
t[s]

Fig. 6. Steering angle for lane change maneuver, p = 0.85

To evaluate it, the B3M algorithm described in the study
[4] was used. This algorithm determines the steering angle
of the wheel based on equations of the model with 3 de-
grees of freedom, and using information which was read
from the path. The same (common) steering angle was
taken for both front road wheels of the vehicle. The speed
of the vehicle amounted to 65 km/h. Parameters of the
vehicle were taken according to the Carsim software —
“Class A” hatchback.

Presented runs indicate a very high compliance of both
models with 10 degrees of freedom. The obtained trajecto-
ries are shown in Fig. 7.

0 T T T T
0 20 40 60 80 100
x [m]

Fig. 7. Trajectory for lane change maneuver, p = 0.85

The diagram of the trajectory shown in the Fig. 7 indi-
cates that differences between the M10/1 and M10/2 mod-
els are negligible. The differences between the models with
10 DoF and 3 DoF are noticeable. Even greater differences
between the 10 DoF and 3 DoF models can be seen in the
case of a reduced adhesion coefficient. In the second simu-
lation, one assumed p = 0.5. The results are presented in the
Fig. 8 and 9.

NONBMOOO®
L

5[]

SIRSVAAANY

-6

3
t[s]

Fig. 8. Steering angle for lane change maneuver, p = 0.5

0 T T T T
0 20 40 60 80 100
x [m]

Fig. 9. Trajectory for lane change maneuver, u = 0.5
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A change in the adhesion coefficient significantly af-
fected the steering angles and trajectories determined by the
models. The bicycle model does not take into account the
adhesion coefficient, and therefore does not makes possible
to correctly represent this maneuver with assumed parame-
ters of the vehicle and the speed. The difference in the des-
ignated steering angle is up to 2 degrees. The differences
caused by simplifications of the 3 DoF model are now more
visible. The steering angle determined using 3 DoF model
(Fig. 8) distinctly differs from the models with 10 DoF.
Such differences are shown in Table 2, where gyax [M]
denotes the difference between the coordinates of the path
and the trajectory of the center of mass.

Table 2. Maximal mapping error of the route for lane change maneuver,

emax [M]
- p=05 n=0.85
3 DoF M10/1 M10/2 M10/1 M10/2
0.001 0.235 0.246 0.170 0.171

Attention should be paid to the fact that a very small er-
ror for the 3 DoF model means that the vehicle was driving
almost on the preset path. In reality, the steering angle de-
termined using a 3 DoF model cannot be executed. This
model, unlike spatial models containing models of tire,
does not take into account large angles of drift and slip. The
calculations with the use of expanded models show that the
ideal execution of such a maneuver is not possible at a
preset speed, although the mapping error of the route of
0.246 m can be considered as acceptable.

Calculation time is a significant parameter during the
planning of the motion of the autonomous vehicle. In the
Table 3. is shown calculation time for the presented ma-
neuver.

Table 3. Calculation time [s] for maneuver of change of the lane during 6 s

3 DoF M10/1 M10/2
0.32 2.74 0.88

Since the difference in mapping error of the trajectory
between the M10/1 and M10/2 models is negligible, and the
proposed M10/2 model based on the Newton-Euler equa-
tions is three times faster, the remaining part of this paper
was restricted to calculations using this model.

— M10/1

0 100 200 300 400
x [m]

Fig. 10. Trajectory for route “Hatcnéw”

The second simulation concerned the implementation of
a more extensive route of driving. Within the framework of
the test, one simulated motion of the vehicle along the
Matylda Linnert street in Bielsko-Biata city. The trajectory
is shown in Fig. 10. The constant speed of 36 km/h was
assumed.

Although the model with 3 degrees of freedom ultimate-
ly achieved higher mapping accuracy than spatial models
(Table 4), the steering angle of the road wheels (Fig. 11)
points to a certain instability of the calculations. This re-
sults from the fact that the vehicle is then taking a turn
(approximately 50 s). Lateral acceleration is then > 0.5 g,
and the condition for the use of the 3 degrees of freedom
models assumed in [22] is not fulfilled.

8
6 ——— M0
44 | M10/2
—— 3 DoF
3 Ml
ZO \M/\/t\: A |(Y\ A Noar L/W'
oL, | T VTV S
_4.
-6 1
-8

0 10 20 30 40 5 60 70
t[s]

Fig. 11. Steering angle for route “Hatcnéow”

The resulting steering angle trajectory indicates a cer-
tain instability in the calculations when using a simplified
vehicle model (3 DoF). At the 50th second, a large oscilla-
tion in the angle occurs. This is due to the fact that when
attempting to execute any trajectory, the simplified model is
unable to accurately reproduce the complex maneuver.
Calculations using 10 DoF models allowed for the determi-
nation of the steering angle trajectory that could be realisti-
cally executed. Oscillations are smaller, and the trajectory
is smoother. Both 10-DoF models yield nearly identical
results in terms of steering angle profiles.

Table 4 shows the mapping errors of the driving route.
The results obtained for the 10 DoF models are identical.
Calculations using the 3 DoF model generate a similar
mapping error as the more complex models.

Table 4. Maximal mapping error of the route “Hatcnow”, eyax [M]
3 DoF M10/1 M10/2
0.209 0.276 0.276

4. Conclusions

The considerations presented in this paper indicate that
both 10 degrees of freedom models can be used for model-
ing the dynamics of autonomous vehicles. They accurately
replicate real-world driving conditions. A comparison with
the simplified 3 degrees of freedom model proves that sim-
plified models have significant limitations. The lack of
consideration for the rotational motion of the wheels in the
3 degrees of freedom model means that the assumption of
small slip angles must be made. The conducted simulation
studies confirm the condition presented in the referenced
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work [22]. However, a comparison of the calculation times
clearly shows that more complex models are numerically
inefficient. Even though the 10 degrees of freedom model
presented in this paper, formulated using Newton—Euler
equations (M10/2), is more than four times faster than the
model formulated using Lagrange equations. It is worth
noticing that the difference in the quality of reality repro-
duction between these two models is negligible. The main
conclusions drawn from the presented analyses and simula-
tions are outlined below.

In the literature, simplified models prevail. This is due
to their high numerical efficiency, which is considered
the leading criterion.

There is a need to develop dynamic models to increase
their numerical efficiency.

The comparison presented in this paper enables
a comparison of two 10 degrees of freedom models
formulated in different ways.

The analytical formulas for the elements of the matrix
M and the vector h in the 10 degrees of freedom model
(M10/2) allow for eliminating matrix operations. The
proposed solution directly affects the calculation time.
Calculations using the 3 degrees of freedom model
indicate a very small trajectory reproduction error. This
is due to the simplifications made in the model, and it
should be noted that achieving such results in reality is
impossible.

Calculations using the 10 degrees of freedom models
prove the correctness of both models. The trajectory re-
production error is nearly identical.

The difference in the calculated steering angle (for
a lane change maneuver) is even 2 degrees. This is be-
cause the 3 degrees of freedom model does not account
for the friction coefficient.

Future work is planned to extend the simulation studies

to include heavy-duty and multi-articulated vehicles.
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